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Abstract It is proved that �set�theoretic� interval multiplication is inverse inclusion
isotone� The centered outward interval multiplication �co�multiplication�
is studied in some detail with respect to inclusion isotonicity� To a
system of linear interval algebraic equations we associate a system involving
co�multiplication� The latter reduces to two real linear systems of the
same size for the midpoint�radius coordinates of the unknown intervals�
We show that under certain assumptions these real linear systems produce
an inner inclusion for the tolerance solution of the original interval
system�

�� Introduction

It is well�known that self�validating methods for linear systems demand
a consideration of all errors in the coe�cients of the system including
round�o� errors� A possible approach to treat linear systems with error
control is to formulate the system as a linear interval system� that is
to consider the system together with intervals corresponding to the
errors in the respective coe�cients of the system and to make use of
interval arithmetic ���	� The latter is an e�cient tool for the construction
of self�validating methods due to the inclusion isotonicity of interval�
arithmetic operations� However� the application of interval arithmetic
to a veri
ed solution of linear interval equations is intricate� because
interval arithmetic does not permit a representation by coordinates so
that interval operations� resp� interval algebraic problems� can not be

�






generally reduced into real problems to be solved separately for each
coordinate ��	�

In order to treat interval algebraic equations involving multiplication
of intervals we make use of a special �centered outward
 multiplication of
intervals� The centered outward interval multiplication produces outer
enclosure for the familiar �set�theoretic� interval product� Throughout
the paper we use midpoint�radius representation of intervals� which is
a natural representation from both an algebraic and practical point of
view ��	� ��	� ���	����	�

Interval addition and multiplication by scalars� Denote by
R� �R��� ���� the ordered 
eld of reals and by Rn the n�dimensional
real vector space� For a � �a�� a�� ���� an�� b � �b�� b�� ���� bn� � R

n� the
partial order ��
 is given component�wise by a � b �� ai � bi for all
i � �� ���� n� For a�� a�� � Rn� a�� � �� the set A � fx � Rn j a� � a�� �
x � a� � a��g � �a�� a��� is an �n�dimensional� interval �or box� in Rn� a�

is the midpoint �center� of A and a�� � � is the radius of A� The set of
all n�dimensional intervals in Rn is denoted I�R�n�

Addition of two intervals A�B � I�R�n is de
ned by A�B � fc j c �
a � b� a � A� b � Bg� here a� b� c � Rn� Multiplication of an interval
B � I�R�n by a real scalar � � R is de
ned by � �B � fc j c � �b� b �
Bg� b� c � Rn� Negation ��
 is �A � ���� � A� A � I�R�n� We have
����A� � ��������A� � �����A� ����A� for � � R and A � I�R�n�
Subtraction is A�B � A� ��B�� An interval A � I�R�n is symmetric�
if A � �A� and degenerate� if A � A � �� In midpoint�radius form we
have

�a�� a��� � �b�� b��� � �a� � b�� a�� � b���� ���

� � �b�� b��� � ��b�� j�jb���� ���

��a�� a��� � ��a�� a���� ���

�a�� a���� �b�� b��� � �a� � b�� a�� � b���� ���

Formulae ������� can be rewritten component�wise in the n�dimensional
case� for instance ��� can be written as ��a�

�
� a��

�
� � ��a�

�
� a��

�
�� ��� �

��a�n� a
��

n� � ��a�n� a
��

n�� or as�

��a�
�
� ���� a�n� a

��

�
� ���� a��n� � ��a�

�
� �����a�n� a

��

�
� ���� a��n�� ���

Interval multiplication� The set�theoretic multiplication of two
intervals A�B � I�R� is�

A �B � f�� j � � A� � � Bg� ���
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Assume A � �a�� a���� B � �b�� b��� � I�R�� are such that a� � a�� � ��
b� � b�� � �� then ���	�

A �B � f� � R j �a� � a����b�� b��� � � � �a� � a����b�� b���g

� �a�b� � a��b��� b�a�� � a�b����

Denote by I�R�� the set of all intervals which do not contain zero
as interior point� I�R�� � f�a�� a��� � I�R� j a�� � ja�jg� Interval
multiplication ��� in midpoint�radius form for the case A�B � I�R��

can be written�

�a�� a��� � �b�� b��� �

�
�a�b� � a��b��� jb�ja�� � ja�jb���� if a�b� � ��
�a�b� � a��b��� jb�ja�� � ja�jb���� if a�b� � ��

���

Using � � R�	 � � f���g de
ned by�

���� �

�
�� if � � ��
�� if � � ��

���

and the notation �a � fa� � � �� �a� � � �g� formula ��� obtains the
form�

�a�� a��� � �b�� b��� � �a�b� � ��a�b��a��b��� jb�ja�� � ja�jb���� ���

whenever a�� � ja�j� b�� � jb�j� Interval multiplication by scalars ����
� � �b�� b��� � ��b�� j�jb��� is a special case of ���� resp� ���� considering �
as a degenerate interval � � ��� �� � I�R��

When �at least� one multiplier contains zero as an interior point ���
admits simple midpoint�radius representation� If A � �a�� a��� is such
that a�� 	 ja�j� then we have�

�a�� a��� � �b�� b��� � �a�b� � ��b��a�b��� jb�ja�� � a��b���

� �a��b� � ��b��b���� a���jb�j� b���� ����

� ���b��a��jb�j� b���� a���jb�j� b�����

under the condition that either i� b�� � jb�j� or ii� b�� 	 jb�j� j��A�j �
j��B�j� where ��A� � a��
a�� a� 
� �� is the relative extent �rex� function
introduced by Kulpa ��	� Using multiplication by scalars ���� can be
written

�a�� a��� � �b�� b��� � �jb�j� b��� � ���b��a�� a���� ����

In the special case of symmetric intervals we have ��� a��� � ��� b��� �
��� a��b����

Inclusion of intervals is expressed in midpoint�radius form by ��	�
���	�

A � B �� jb� � a�j � b��� a��� A� B � I�R�� ����



�

Inclusion isotonicity of addition� A � B �� A�C � B �C is trivially
demostrated in midpoint�radius coordinates� Indeed� in terms of ����
A�C � B � C means jb�� c� � �a� � c��j � b��� c��� �a��� c��� which is
equivalent to jb� � a�j � b�� � a��� that is A � B�

It is also easy to observe isotonicity of multiplication by real scalars�
for A�B � I�R�� c � R� c 
� ��

A � B �� c �A � c �B� ����

Indeed� for c � R 
xed c �A � c �B means in terms of ����� jcb�� ca�j �
jcjb��� jcja��� which for c 
� � is equivalent to jb� � a�j � b�� � a���

Using ��� and ���� it is easy to see that for A�B�C � I�R��

A � B �� C �A � C �B� ����

�� Inverse Inclusion Isotonicity of Interval
Multiplication

To prove inverse inclusion isotonicity of interval multiplication� that
is ���� in the inverse direction� we need the following

Proposition � If A�B � I�R��� C � I�R�� n f�g� C �A � C �B� then
��a�� � ��b���

Proof� From the assumptions we have ��c�a�� � ��c�b��� which implies
��a�� � ��b��� �

Theorem � If A�B�C � I�R�� � 
� C� then

C �A � C �B �� A � B� ����

Proof� By assumption c�� � jc�j� �� We 
rst consider the case a�� �
ja�j� b�� � jb�j� Using Proposition � we see that the inclusion C�A � C�B
implies ��a�� � ��b�� � �� In terms of ���� C �A � C �B is equivalent
to j�C � B�� � �C � A��j � �C � B��� � �C � A���� Using ���� we obtain
consecutively the equivalent inequalities

jb�c� � ���c��b��c�� � a�c� � ���c��a��c��j � jb�jc��� jc�jb��� ja�jc�� � jc�ja���

j�b� � a��c� � ���c���b��� a���c��j � �jb�j � ja�j�c��� jc�j�b��� a����

j��b�� a��jc�j� �b�� � a���c��j � ��b�� a��c��� jc�j�b��� a����
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Equivalently� for � � f���g� we have�

����b�� a��jc�j� �b�� � a���c��� � ��b� � a��c��� jc�j�b��� a����

���b� � a��jc�j � ��b�� a��c�� � jc�j�b��� a���� ��b�� � a���c���

���b�� a���jc�j � �c��� � �b�� � a����jc�j � �c����

Using jc�j � �c�� 	 �� we obtain ���b� � a�� � b�� � a��� that is jb� � a�j �
b�� � a��� which� according to ���� is equivalent to A � B�

�� Consider next the case � � A� � � B� a� 
� �� b� 
� �� Assume
��A� � ��B� �otherwise� exchange A and B�� Using ���� we have
�a�� a��� � �c�� c��� � �jc�j � c��� � ���c��a�� a���� �b�� b��� � �c�� c��� � �jc�j �
c��� � ���c��b�� b���� The inclusion C �A � C �B means� in terms of �����
j�C�B����C�A��j � �C�B�����C�A���� i� e� �jc�j�c���j��c��b����c��a�j �
�jc�j � c����b�� � a���� which is equivalent to jb� � a�j � b�� � a��� that is to
A � B� The case a� � � and�or b� � � is treated similarly�

�� Consider 
nally the �mixed
 case when one of the intervals A�B
includes �� the other does not� The case � � A� � 
� B� is not possible�
indeed� then we have the relations � � C �A� � 
� C �B� which contradict
the assumption C �A � C �B� Let � 
� A� � � B� then j�C �B�� � �C �
A��j � �C �B��� � �C �A��� becomes

j�jc�j� c�����c��b� � a�c� � ��a�c��a��c��j � �jc�j� c���b�� � ja�jc��� jc�ja���

���jc�j� c�����c��b� � a�c� � ��a�c��a��c��� � �jc�j� c���b�� � ja�jc��� jc�ja���

If � � ���a�c�� then the above is equivalent to ���a���jc�j� c����b� �
a�� � �jc�j� c����b��� a���� or

���a���b�� a�� � b�� � a��� ����

If � � ��a�c�� then we obtain�

��a���jc�j� c���b� � ja�jjc�j � a��c�� � �jc�j� c���b��� ja�jc�� � jc�ja���

��a���jc�j� c���b�� ja�jjc�j� ja�jc�� � �jc�j� c���b��� jc�ja�� � a��c���

Adding to the last inequality the inequality �c��a�� � �c��ja�j� i� e�
��c��ja�j � ��c��a��� we obtain

��a���jc�j� c���b�� ja�jjc�j � c��ja�j � �jc�j� c���b�� � jc�ja�� � c��a���

which is equivalent to ��a���jc�j� c����b�� a�� � �jc�j� c����b��� a���� that
is to ��a���b� � a�� � b�� � a��� The latter� combined with ����� can be
summarized as jb�� a�j � b�� � a��� that is A � B� �






The proof of ���� using midpoint�radius coordinates is based on equivalent
inequalities� hence it can also serve as a proof of ���� for the case � 
� C�
The conditions of Theorem � can be relaxed by replacing the assumption
� 
� C by the less restrictive assumption C � I�R�� n f�g�

Proposition � Assume that A � �a�� a���� B � �b�� b��� � I�R�� k � R�
Then the following two assertions are equivalent�

i� jb� � a�j � k�b�� � a���� k � �	
ii� A � B � ��� r�� r � �k� ���b��� a��� � ��

Proof� According to ���� the inclusion A � B � ��� r� � �b�� b�� � r��
r � �k � ���b�� � a��� � �� is equivalent to jb� � a�j � b�� � r � a�� �
b�� � �k � ���b��� a���� a�� � k�b�� � a���� �

Remark� Proposition � is a generalization of ���� in the sense that
the latter is obtained from Proposition � for k � �� resp� r � ��

Consider the algebraic solution of the equation A �X � B� Assume
A�B � I�R��� A 
� �� then it follows that X � I�R�� as well� Using
midpoint�radius representation and ��� we obtain the following equations
for the midpoint�radius coordinates of X �

a�x� � ��a����x��a��x�� � b�� ����

a��jx�j� ja�jx�� � b��� ����

Note that ��������� is a not a linear system for x�� x��� indeed� we have
to know the sign of x� in advance to consider this system as a linear one�
It is easy to determine ��x�� in the case of one equation� but this may
be tedious in the case of many equations� Another complication is that
equations ��������� are coupled� Similarly� a system of n linear interval
equations leads to a system of �n equations for the coordinates of the
algebraic solution� This shows that the coordinate systems corresponding
to problems involving interval multiplication �of nondegenerate intervals�
may be di�cult to solve� To simplify the solution of such problems a
special �centered outward
 multiplication of intervals can be introduced�
which produces an outward approximation of the set�theoretic interval
multiplication and leads to simpler coordinate problems�

�� Centered Outward Interval Multiplication

Consider the following operation in I�R��

a 
 b � �a�� a��� 
 �b�� b��� � �a�b�� ja�jb�� � jb�ja�� � a��b���� ����

to be called centered outward multiplication of �proper� intervals� brie�y�
co
multiplication� Note that co�multiplication by real scalars �degenerate
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intervals� a�� � � or�and b�� � �� coincides with the set�theoretic interval
multiplication by scalars� � 
 �b�� b��� � � � �b�� b���� Using the absolute
value of a � I�R�� de
ned as jaj � ja�j � a��� we can write ���� as�
a 
 b � �a�b�� jajb��� jb�ja��� � �a�b�� jbja��� ja�jb����

The co�multiplication ���� produces generally wider results than the
set�theoretic multiplication ���� as the following proposition shows

Proposition � For �a�� a���� �b�� b��� � I�R� we have

�a�� a��� � �b�� b��� � �a�� a��� 
 �b�� b���� ����

Proof� Assume 
rst that �a�� a���� �b�� b��� � I�R��� that is the intervals
do not contain zero as interior point� To prove inclusion ���� we apply
formulae ����� ��� and ���� to obtain the obvious relation ja��b��j � a��b���
showing that ���� is true� Assume now that the 
rst interval contains
zero as an interior point� a�� 	 ja�j� Applying formulae ����� ���� and
���� we obtain the true relation ja�b��j � ja�jb��� This proves ����� �

Example ��
��� ���� � ��� ����� � ������� ������ � ������� �����	�
��� ���� 
 ��� ����� � ������� ������ � ������� �����	�

Example ��
����� �� � ����� �� � ������� ���� � ������ �����	�
����� �� 
 ����� �� � ������� ���� � ������ �����	�

Proposition � Let A � �a�� a���� � 
� A� B � �b�� b���� j��A�j � j��B�j�
Then A 
 Y � B has a unique algebraic solution Y � �y�� y���� given by

y� � b�
a��

y�� � �b�� � a��jb�
a�j�
jaj�

If X is a solution to A �X � B� then Y � X�

Proof� The equation A 
 Y � B can be written in midpoint�radius
form as �a�y�� jajy��� jy�ja��� � �b�� b���� hence�

a�y� � b��

jajy��� jy�ja�� � b���

Using a� 
� �� we can solve the 
rst equation and replace the solution y�

in the second one to obtain�

y� � b�
a��

jajy�� � b��� a��jb�
a�j�



�

Using jaj � ja�j� a�� 
� �� we can solve the second equation� Hence the
solution of A 
 Y � B is y� � b�
a�� y�� � �b�� � a��jb�
a�j�
jaj� It is easy
to check that y�� � � and that � 
� Y � To see the latter� we calculate�
y��
jy�j � �ja�
b�jb�� � a���
�ja�j � a��� � �ja�
b�jb�� � a���
ja�j � b��
jb�j �
a��
ja�j � b��
jb�j � ��B� � t��� Let X be a solution to A � X � B�
From A � Y � A 
 Y � A �X � using ����� we obtain Y � X � �

Proposition � For A�B�C � I�R��� we have

A � B �� A 
C � B 
C� ����

Proof� We have to prove that A � B� that is jb� � a�j � b�� � a���
implies A 
C � B 
C� According to ���� the latter is equivalent to the
following inequalities�

jb�c� � a�c�j � jb�jc�� � jc�jb�� � b��c�� � ja�jc��� jc�ja�� � a��c���

j�b�� a��c�j � �jb�j � ja�j�c�� � �jc�j� c����b��� a����

��b� � a��jc�j � ��b�� a��c�� � �jc�j� c����b��� a����

��b� � a���jc�j � ��c��� � �jc�j� c����b��� a���� ����

where � � ��a�� � ��b��� � � f���g� By assumption c�� � jc�j� hence
� � jc�j���c��� This and jb��a�j � b���a�� imply ����� which is equivalent
to A 
 C � B 
 C� This proves ����� �

It is worth to note that Theorem � is not true if the set�theoretic
interval multiplication ��
 is replaced by the interval co�multiplication
�

� A 
 C � B 
 C does not imply A � B� This can be demonstrated
by the following example�

Example �� Assume A � ��� �� � ��� �	� B � C � ��� �� � ��� �	�
Then� A 
 C � ��� �� � ���� ��	� B 
 C � ��� ��� � ���� ��	� We have
A 
 C � B 
 C� but A � B does not hold�

The next proposition shows that if we �slightly
 expand B� then an
inclusion holds�

Proposition � Assume that A � �a�� a���� B � �b�� b���� C � �c�� c��� �
I�R�� � 
� C� Then

C 
A � C 
B �� A � B � ��� r��

wherein r � �k � ���b��� a��� � �� k � �jc�j� c���
�jc�j � c��� � ��
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Proof� According to ���� the inclusion C 
A � C 
B is equivalent to

jb�c� � a�c�j � jb�jc��� jc�jb��� b��c�� � ja�jc�� � jc�ja�� � a��c���

jc��b� � a��j � �jb�j � ja�j�c��� jc�j�b��� a��� � �b��� a���c���

jc�jjb� � a�j � jb� � a�jc�� � �jc�j� c����b��� a����

�jc�j � c���jb� � a�j � �jc�j� c����b��� a����

Thus we obtain jb��a�j � k�b���a���� with k��jc�j�c���
�jc�j�c��� � ��
Using Proposition � we see that A � B���� r�� where r � �k����b���

a��� � �� k � �jc�j� c���
�jc�j � c��� � �� �

The co�multiplication ���� has been proposed in ���	� independently
it has been introduced and practically implemented in ���	 and has been
studied in ��	 with respect to distributivity� As noted in ��	 the operation
���� is a special case of the complex disc multiplication introduced in
��	� A software implementation of the co�multiplication is reported in
��	� it has been shown that overestimation of co�multiplication satis
es
�A �B���
�A 
B��� � ��� and is globally limited ���	�

�� Linear Interval Systems

In the previous sections we use upper case letters to denote intervals�
in the sequel we use lower case letters for intervals and interval vectors
and upper case letters for interval matrices� Assume that C � �cij� �
I�R�n�n is a square matrix of intervals and a � �aj� � I�R�n is an
interval vector� Denote C �a � f

Pn
j�� cij �ajg

n
i�� � I�R�n� resp� C 
a �

f
Pn

j�� cij 
 ajg
n
i�� � I�R�n� Using ���� we see that

C � a � C 
 a� C � I�R�n�n� a � I�R�n�

We write C � �C��C ���� with C� � �c�ij� � R
n�n� C�� � �c��ij� � R

n�n�

c��ij � �� similarly a � �a�� a���� a� � Rn� a�� � Rn� a�� � ��

The absolute value of an interval c � I�R� is jcj � jc�j�c��� Correspondingly�
we have for the interval matrix C � I�R�n�n� jCj � �jcijj� � jC�j� C���
and for the interval vector c � I�R�n� jcj � �jcij� � jc�j� c���

Recall that C � I�R�n�n is a regular interval matrix� if every real
matrix  C � Rn�n�  C � C� is nonsingular ��	� C � I�R�n�n is a nonnegative
interval matrix� if every real matrix  C � Rn�n�  C � C� is nonnegative�
C � I�R�n�n is an inverse nonnegative interval matrix� if every real
matrix  C � R

n�n�  C � C� is inverse nonnegative �that is  C�� is
nonnegative��

Algebraic solutions� Consider a linear interval �n � n��system of
the form

A � x � b� ����



��

where A � �aij� � I�R�n�n is a regular matrix of intervals and b � I�R�n

is an interval vector� A vector x � I�R�n satisfying ���� is called algebraic
solution to ����� see� e� g� ��	���	�

As mentioned at the end of Section �� the interval system ���� leads to
a system of �n algebraic equations for the coordinates of x� which is not
linear� Using the method for one equation� see Proposition �� consider
the associated system

A 
 y � b� ����

obtained from ���� by replacing all interval multiplications ��
 by co�
multiplications �

 de
ned by ����� Denoting A � �A��A���� b � �b�� b����
y � �y�� y���� we have in matrix notation

A 
 y � �A�y�� jA�jy�� �A��jy�j�A��y��� � �A�y�� jAjy���A��jy�j�� ����

using jAj � jA�j � A��� From ����� ���� we obtain the following real
system of �n equations for the midpoint�radius coordinates of y�

A�y� � b�� ����

jAjy�� � b�� �A��jy�j� ����

System ��������� can be solved in two steps� 
rst solve system ����
using that A� is nonsingular �A is assumed regular� to obtain a solution
y� � �A����b�� then substitute y� in ���� to obtain the system

jAjy�� � b�� � A��j�A����b�j� ����

To solve the latter system� we must assume that jAj � jA�j � A�� is
nonsingular� then

y�� � jAj���b�� �A��j�A����b�j��

If y�� � �� then the right�hand side of ���� is necessarily nonnegative�
d � b�� � A��j�A����b�j � �� The latter condition can be written in the
form b�� � A��j�A����b�j� showing that the right�hand side vector b is
�su�ciently wide
� The situation is analogous to the one in the one�
dimensional case� see Proposition �� where we assume j��B�j � j��A�j�
If y�� � �� that is jAj��d � �� then y � �y�� y��� is a unique �algebraic�
solution to ����� We proved the following

Proposition 	 Assume that the interval matrix A � I�R�n�n is regular
and that the matrix jAj is nonsingular� Assume also jAj��d � �� where
d � b�� � A��j�A����b�j� Then there exists an interval vector y � I�R�n�
satisfying problem ��
��
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Tolerance solution� The tolerance solution to ���� is the set� f� �
R

n j A � � � bg� The �algebraic� solution to problem ���� �whenever
existing� is connected with the tolerance solution to system ����� To
demonstrate this� assume that y � I�R�n is a solution to ����� From
A � y � A 
 y � b we see that y satis
es the inclusion A � y � b� As any
real � � y satis
es A�� � b� we see that the interval vector y is included
in the tolerance solution f� � Rn j A � � � bg to ����� On the base of
the above arguments we can formulate�

Theorem � Assume that the interval matrix A � I�R�n�n is regular
and jAj is nonsingular� Assume also that jAj���b�� � A��j�A����b�j� � ��
Then the interval vector y � I�R�n� satisfying �according to Proposition
�� problem ��
�� is an inner inclusion of the tolerance solution to �����

The special case of a real matrix� Consider the case when the
matrix A is a real matrix �all entries in A are degenerate intervals��
Then the matrix A�� is the null matrix and for x � �x�� x��� � I�R�n we
have A � x � A 
 x � �Ax�� jAjx���� Systems ��������� obtain the simple
form

Ax� � b�� ����

jAj x�� � b��� ����

Assuming that the real matrices A and jAj are nonsingular� we obtain
for the solution of ���������� x� � A��b�� x�� � jAj��b��� We must assume
jAj��b�� � �� so that x�� � �� We thus obtain the following corollary�

Corollary� Given system ����� such that A � Rn�n� b � �b�� b��� �
I�R�n� assume that the real matrices A and jAj are nonsingular and
jAj��b�� � �� Then there exists an unique interval solution x to �����

Concluding remarks� Throughout the work we systematically use
the properties of the midpoint�radius presentation of intervals� interval
vectors and interval matrices� We prove inverse isotonicity of �set�
theoretic� interval multiplication and show that co�multiplication is not
inverse inclusion isotone�

We demonstrate that a linear system involving intervals and interval
co�multiplication can be reduced to real linear systems for the midpoint�
radius coordinates of the intervals� Under certain assumptions these real
coordinate systems produce inner estimates for the tolerance solutions
of the original linear interval system� As a special case we show that a
linear system with interval right�hand side and an exact real matrix can
be reduced to two real linear systems for the midpoint�radius coordinates
of the intervals�
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